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Abstract 

We prove existence of extremal functions for some Rellich-Sobolev type in- 
.^ equalities involving the L 2 norm of the Laplacian as a leading term and the L 

[T i | norm of the gradient, weighted with a Hardy potential. Moreover we exhibit a 

c"j breaking symmetry phenomenon when the nonlincarity has a growth close to 

jrt ' the critical one and the singular potential increases in strength. 
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1 Introduction 



CN 
t> 

Tf 

^^ ■ Recent years have seen a growing interest towards problems shaped on 

m 

f A 2 u = \x\-P\u\ q ~ 2 u onR" , s 

r ia 2, ( L1 ) 

[ J Rn \Auf ax < oo 

5_i \ where q > 2 and 

Ctf ■ „ q(n - 4) , 

P = n- q -^ r -L. (1.2) 

This choice of /3 makes problems (1.1) invariant with respect to the action of the 
weighted dilation group 

p i-> u p (x) = p~^~u(px) (p > 0). (1.3) 

Problems (1.1) are variational in nature and rely on the validity of inequalities of 
the form 

sA I \x\- p \u\ q dx\ <( \Au\ 2 dx VttGC c °°(R n ). (1.4) 

In dimension n > 5 such inequalities can be obtained when 

2<«<2" 



n-A 

1 



by interpolating the Rellich inequality (see [17], [18]) 

2 



n(n — 4) 



\x\ \u\ dx < 



\Au\ 2 dx VueC c r 



with the Sobolev embedding 



\ 2 / 2 * 



S[ [ \u\ 2 " dx) < [ \Au\ 2 dx Vu G C c °°(R n ) . 

We refer to the paper [5] and to its bibliography for a deeper discussion on the 
inequalities (1.4) and some generalizations. 

Problems (1.1) and many variants of them have been investigated in several 
works. Limiting ourselves to problems concerning entire solutions for equations ruled 
by the biharmonic operator or equivalent systems, we quote [3], [4], [11], [12], [13], 
[15], [16] and the monography [9] and we refer to the references therein contained. 

In this paper we study a variant of (1.1) characterized by the presence of a dila- 
tion invariant (hence, non compact) additional term containing lower order deriva- 
tives and whose shape preserves the variational character of the problem. More 
precisely we are interested in the existence of ground states for the problems 



A 2 u + Adiv(|x|~ 2 Vu) 
J Rn \Au\ 2 dx < oo 



1x1 P\u\ q 2 u on 



(1.5) 



where n > 5, q G (2,2**], A G K and /3 is like in (1.2). The novelty with respect to 
the known literature stays in the term Adiv(|x|~ 2 Vn) containing the Hardy potential 
with strength ruled by the parameter A. 

By ground state for (1.5) we mean a weak nontrivial solution of (1.5) belonging 
to the Sobolev space D 2 ' 2 (M. n ) and characterized as a minimum point for 



S q (X) :-- 



inf 

ueD 2 ' 2 {R n ) 



|Au| dx — A 



|a;| |Vn| dx 



\x\ \u\ q dx ) 



\2/<? 



Here D 2,2 (R n ) is the space defined as the completion of C c c 
norm 



(1.6) 



with respect to the 



11*1 



D 2 - 2 



E 



d 2 u 
dxidxj 



dx . 



The restriction on the dimension n > 5 guarantees the Sobolev embedding for the 



space D 2 ' 2 (W l ) into L 2 " . In order to ensure that S q (\) > we have to take 



/ \Au\ 2 dx 
A<A:= inf -jM , (1.7) 



u£D 2 ' 2 (« n ) / I i-2|v7 |2j 

vo / M l Vn ! dx 

q G [2, 2**], and /3 as in (1.2). In [22] (see also [1], [2], [6], [8] and [14]) it was proved 

that if n > 5 then 

n 2 
A = — . 

4 

We notice that, as well as (1.1), also problems (1.5) turn out to be invariant under the 
weighted dilation (1.3). As a consequence, the corresponding variational problems 
exhibit a lack of compactness. We can show the following result. 

Theorem 1.1 Let n > 5. 

(i) For q € (2, 2**) problem (1.5) admits a ground state for every A < A. 

(ii) For q = 2** problem (1.5) admits a ground state if and only if < A < A. 
Moreover for every A < the infimum £2** (A) equals the Sobolev constant of 
the embedding of D 2 > 2 (R n ) into L 2 ** . 

We can drop the upper bound on q by looking for a radial ground state for 
problem (1.5), namely, a non trivial, radial weak solution of (1.5) characterized as a 
minimum point for 

Au\ dx — X \x\~ |Vn| dx 



5J ad (A) := inf 

n^O / M P \u\ q dx 

\JR n / 

where L> r ^ d (lR n ) is the space of radial functions belonging to D 2 ' 2 (W l ). We have 
that: 

Theorem 1.2 If n > 5, A < A and q S (2, 00) then problem (1.5) admits a radial 
ground state. Moreover such a ground state is positive and is unique up to the 
weighted dilation (1.3). 

When 2 < q < 2** we can compare the infima values S q (X) and SI (A) and in 
some cases we can observe a breaking symmetry phenomenon. More precisely we 
have a first result stated as follows. 



Theorem 1.3 For every n > 5 and A < there exists q\ n £ (2,2**) such that if 
q E (q\ jTl ,,2**] then S q (X) < S^ ad (A). In particular if q € (q\ j7l ,2**) then the ground 
state for problem (1.5) is non radial. 

The previous result is obtained just by noticing that S<2** (A) < Sp* (A) and using 
the continuity of the mappings q 1— > S q (X) and q 1— > S q (A). We have no information 
on q\ n , that is, on the range of q's for which breaking symmetry occurs. More precise 
estimates are stated in the next theorem. 

Theorem 1.4 If q £ (2,2**) satisfies 



3, + 2 <{ n-4? 



q(q — 2) n — 1 

then for A < with \X\ large enough (depending on q) one has that S q (X) < S q ad (X). 
In such a case problem (1.5) admits at least two non trivial solutions and its ground 
state is non radial. 

Condition (1.8) is fulfilled if q is close to the critical exponent 2**. More precisely, 

setting 

3(n-l) 



q n = 1 + a„ + y(l + a n ) 2 + ^a n where a n — . , 2 , 

one has that q n > 2 and (1.8) holds true for q G (q n ,2**). However the interval 
(q n , 2**) is nonempty just for n > 7. On the other hand we observe that q n — > 2 (as 
well as 2**) asn4 00. We also notice that in the linear case, namely when q = 2, 
we have that S^A) = 5^ (A) for every A < A (see Remark 1). 

We point out that similar, actually sharper, existence results of radial and non 
radial ground states, as well as breaking symmetry, have been proved in [4] for the 
problem 

{A 2 u — X\x\~ 4 u = \x\~ l3 \u\ q ~ 2 u onK n 
f Rn \Au\ 2 dx < 00 . 

In fact, in the critical case q = 2** (and j3 = 0) problems (1.5) and (1.9) can be 
viewed as higher order versions of the problem 

{— An — A|x| _2 n = \u\ 2 *~ 2 u onK n . 

r ivy 12V ( L1 °) 

J Rn \vu\ dx < 00 

where 2* = 2n/(n — 2) and n > 3. As proved in [21], also (1.10) admits a couple of 
non trivial solutions, characterized as radial and non radial ground states, and they 



are different when — A < Ao for some Ao < 0. See also [7] for a class of second order 
problems generalizing (1.10) and displaying breaking symmetry. 

Indeed problems (1.5), (1.9) and (1.10) share similar features: all of them are 
based on a suitable functional inequality and their solutions can be found as extremal 
functions for such inequality. Moreover, roughly speaking, the breaking symmetry is 
due to the fact that, as A — > — oo, the singular potential in the corresponding lower 
order term becomes more and more important and changes the topology of lower 
sublevel sets. 

2 Proof of Theorem 1.1 

A key tool in our argument is the following compactness lemma. This result is an 
adaptation of a tool already used in previous works, like [4] or [5]. 

Lemma 2.1 Let R > and let (u k ) be a sequence in D 2 ' 2 (W l ) satisfying 

u k ^0 weakly in D 2 ' 2 (M n ) (2.1) 

A 2 u k + \dw{\x\~ 2 Vu k ) - \x\-P\u k \ q - 2 u k ^ in (D 2 ' 2 {R n ))' (2.2) 

limsup I \x\-^\u k \ q dx<S q (X) q ^ q - 2 \ (2.3) 

Jb r 

Then \x\~"\u k \ q — > strongly in L\ oc (Br). 

Proof. Fix R' G (0, R) and take a cut-off function ip £ C^°(Br) such that tp = 1 on 
Br. We point out that the sequence (tp 2 u k ) is bounded in D 2,2 (W l ). Using (p 2 u k 
as a test function in (2.2) we obtain 

if u k A u k dx — \ I \x\~ V((/? u k )-\7u k dx = / |x| - ^ \u k \ q dx + o(l) . (2.4) 



By (2.1) u k — > weakly in fl^ c (R n ) and then, by compactness, u k — > strongly in 
H 1 (Br). Hence we have that 

/ \A(ipu k )\ 2 dx = ip 2 \Au k \ 2 dx + o(l) 

{Au k )A{ip 2 u k )dx= I tp 2 \Au k \ 2 dx + o(l) 

n JR n 

V 'u k ■ V '((/? u k ) dx = / \x\~ |V(c/7Ufc)| dx + o(l) 

JW 1 



W~ 2 



Then, after integration by parts, 

/ ip 2 u k A 2 u k dx = / \A(tpu k )\ 2 dx + o(l) 

JR™ JR™ 

/ ip u k div(\x\~ Vu k )dx = — j \x\~ |V(yitfe)| (is + o(l). 

JR™ o/R" 

Consequently (2.4) reduces to 

[ \A(<pu k )\ 2 dx - \ I \x\- 2 \V(<pu k )\ 2 dx= j \x\-Py 2 \u k \ q dx + o(l). (2.5) 

jR n JM. n il" 

By (2.3) there exists £0 > such that 

\x\-P\(pu k \ 9 dx<e < S q (\) q/{q ~ 2) Vk large. (2.6) 

Therefore, using the Holder inequality and (2.6), we estimate 

/ \x\-^ip 2 \u k \ q dx<e^~ 2)/q ( f \x\- fi \(fm k \ q dx) . (2.7) 

On the other side, by definition of S q (X), 



\A(<pu k )\ 2 dx-\ I \x\- 2 \X7(ipu k )\ 2 dx > S q (X) ( 

jR n \ 



\Vg 



x\~P\(pu k \ q dx . (2 



Therefore from (2.5)-(2.8) it follows that 

S q (X)( I \x\-P\cpu k \ q dx) <e ( q ' 2)/q ( [ \x\-^\(pu k \ q dx) +o(l). 
\JR n / \J«. n J 

As e < 5g(A)9/(9- 2 ) we infer that 

/ \x\~P\(pv,k\ q dx ->• 

JR™ 

and then, since (p = 1 on 1?^/ and R' is arbitrary in (0, R), \x\~"\u k \ q — > strongly 

™lI c (b r ). d 

Now let us proceed with the proof of Theorem 1.1. Using Ekeland's variational 
principle (see [19] Chapt. 1, Sect. 5) and the invariance under the weighted dilation 
(1.3) we can find a minimizing sequence (u k ) C D 2,2 (W l ) for problem (1.6), satisfying 
(2.2) and 

f {\Au k \ 2 - A|xr 2 |Vu fe | 2 ) dx = S q {\) q/q ~ 2 + o(l) 

\x\~P\u k \ q dx = S q (\) q/q ~ 2 + o(l) (2.9) 

n 

f \x\-f*\u h \*dx = \s q {\) q ' q - 2 . (2.10) 

Jb 2 2 



Since A < A, we have that 

sup||Au fc || L 2 (]K «) < oo. 

It is known that for n > 5 in the space D 2 ' 2 (W n ) the L 2 -norm of the laplacian is 
equivalent to the _D 2,2 -norm (see [10] and Remark 2.3 in [5]). Hence the sequence 
(u k ) is bounded in D 2,2 (W l ) and then it admits a subsequence, still denoted (u k ), 
weakly converging to some u € D 2,2 (M. n ). If it 7^ 0, then it is a minimizer for S q (X) 
and u k — >• u strongly in D 2,2 (IR n ). The proof of this fact is definitely standard: one 
can adapt to our situation a well known argument (see, e.g., [19], Chapt. 1, Sect. 4). 
Hence we have to exclude that u = 0. We argue by contradiction, assuming that 
u = 0. In this case, by Lemma 2.1 

M lufcl^dx = °(1)- 

Si 



Therefore, by (2.10), 

1 

|a;| H \u k \ H dx — > 
Jb 2 \b 1 

Let us distinguish the cases of subcritical or critical exponent. 



x\- p \u k \ q dx -> ^S q {\) q/q ~ 2 . (2.11) 



(i) If q S (2, 2**), since u^ — > weakly in H^iW 1 ), the Rellich compactness Theorem 
implies that Uk — > strongly in L q (B2 \B±), contradicting (2.11). Hence in this case 
the weak limit u cannot be zero and the proof is complete. 

(ii) Now we study the case of critical exponent q = 2** . Notice that for such a value 
of q, the corresponding exponent /3 is null. Firstly we take A € (0, A). Let us fix a 
cut-off function <p G C^°(1R™\{0}) such that < <p < 1 and ip(x) = 1 for 1 < |x| < 2. 
Arguing as in the first part of the proof of Lemma 2.1 we obtain that 

\A((pu k )\ 2 dx - \ \x\~ 2 \V(ipu k )\ 2 dx= v? 2 |it fc | 2 **(ix + o(l). (2.12) 



Since 

I \x\~ 2 \W((pu k )\ 2 dx<C J (\Vu k \ 2 + u 2 k ) dx 

Jm. n Jb2\B! 

and u k — > strongly in if^ c (R n ), (2.12) reduces to 



/ \A(tpu k )\ 2 dx = / y 2 \u k \ 2 ** dx + o{l). (2.13) 



On one side, using the Holder inequality and (2.9), we estimate 

2/2" 



<p \u k \ dx < 52**(A) / \(pu k \ dx] +o(l). 



On the other side 

2/2** 
|2 J„ \ c /'nN I I I 1 2* 



/ 



|A(^ fc )|Ms>5 2 «(0) / |^ fc | 2 ^ 



Therefore from (2.13) it follows that 

/ r \2/2** / , \ 2/2** 

5 2 **(0) / |^u fc | 2 "dx <5 2 **(A) / |pu fc | 2 **<fa; + o(l). (2.14) 

Now we claim that 

5z.. (A) < 5 2 ..(0) VA e (0,A). (2.15) 

Indeed, let us notice that 52** (0) equals the Sobolev constant 

/ \Au\ 2 dx 
S** : = inf 



«ez? 2 ' 2 (R") / f „ \ 2 < 

u^o / \u\ dx 



It is known that 5** is achieved in D 2 ' 2 (R n ) by U{x) = (1 + |x| 2 )( 4_n )/ 2 (see for 
instance [20]). Hence, as A > 0, 

\AU\ 2 dx I \AU\ 2 dx-X I \x\~ 2 \VU\ 2 dx 



: Tv^ > 77 Vvr-* ^ 2 " (A) 

\U\ 2 '*dx\ ( / \U\ 2 "dx\ 

and then (2.15) holds. Finally (2.14) and (2.15) imply that u^ — > strongly in 
L 2 (B2 \Bi), in contradiction with (2.11). Hence we proved that if A € (0, A) then 
52** (A) is achieved. In a standard way one shows the existence of a ground state. 
The case A = is known, as mentioned before. It remains to study the case A < 0. 
Firstly we show that if A < then 

5 2 **(A) = 5 2 **(0). (2.16) 

Indeed it is clear that 52** (A) > 52** (0). Let us check the opposite inequality: for 
every u € C£°(K n ) \ {0} we set u y [x) = u(x — y) and we estimate 



5 2 ** (A) < lim 



\Au y \ dx — X \x\ \S7u y \ dx 



u y \ dx 

|Aii| dx — X J \x + y\~ |Vu| dx \ |Au| dx 

llfco „. \ 2/2 " " ( f ,2** ' 

\u\ dx / \u\ dx 



By the arbitrariness of u € C£°(M n ) \ {0} and since C™(M. n ) is dense in D 2 ' 2 (W) 
we obtain that S 2 ** (A) < S 2 ** (0). Hence (2.16) holds. Moreover if A < the 
infimum 52**(A) cannot be achieved. Otherwise, if u G D 2,2 (W 1 ) would be a min- 
imizer for 5 > 2**(A), then it would be a minimizer also for 5*2** (0). In particular 
J K „ |x| _2 |Vn| 2 dec = 0, that is u = 0, which is impossible. Thus the proof is com- 
plete. □ 

3 Proof of Theorem 1.2 



Let us introduce the Emden- Fowler transform, defined as follows: for every u € 

be such that 

u{x) = \x\~2~w(— log |x|). (3-1) 



D fad( Rn ) let w: (0,oo)^R be such that 



Lemma 3.1 For n > 5 the mapping u t-> w = Tu defines an isomorphism between 

rad^ 



D LAW 1 ) and H 2 (W). Moreover, setting ui n = |S n 1 |, one has that 



/ |Au| 2 dx = uj n / (\w"\ 2 + 2{n n + 2) \w'\ 2 + fi 2 n \w\ 2 ) dt 
/ \x\~ |Vu| dx = ui n j (\w'\ + v n \w\ ) dt 

jR n JR 

\x\~P\u\ q dx = cj n / M 9 d£ 



w/iere 

"(" ~ 4) (n - 4) 2 
A*n = r and v n = . (3.2) 

For the proof we refer to [5]. In view of Lemma 3.1 we have that 

q _, [ {\w"\ 2 + 2a x \w'\ 2 + b x \w\ 2 ) dt 
S™ d (\)=uj n q inf ^ (3.3) 

w^o I / |w| 9 dtj 



where 



2a A = 2 (//„ + 2) - A and 6 A = (A - \)u n . (3.4) 



We point out that, thanks to the assumption A < A, the values a\ and b\ are 
positive. Now we use the following key result, proved in [4]: 



Theorem 3.2 For every a, b > and q > 2 the minimization problem 

[ (\w"\ 2 + 2a\w'\ 2 + b\w\ 2 ) alt 

Jr. 



inf 

weH 2 (R) ( f \ 2 /i 

w^o / \w\ q dt 



admits a minimum point. In addition, if a 2 > b then the minimum point is positive 
and unique, up to the natural invariances of the problem (i.e., translation, inversion, 
multiplication by a non zero constant). 



In the case in consideration 

2 / A 



4 ~ b x = ( ^ - (n - 2) 

Hence by Theorem 3.2 there exists a positive function w € H 2 (M) which is a min- 
imizer for the problem defined by the right hand side of (3.3). Such a minimizer 
is unique up to translation, inversion, and multiplication by a non zero constant. 
Then, using Lemma 3.1, we infer that the mapping u defined by (3.1) belongs to 
Z? r ^ d (M n ), is a positive minimizer for 5J ad (A) and is the unique minimizer up to the 
weighted dilation (1.3) and to a multiplicative constant. In a standard way one also 
infers that for a suitable a > the mapping au is a radial ground state for problem 
(1.5). □ 

4 Proof of Theorem 1.3 

If q = 2** and A < then by Theorems 1.1 and 1.2 S*2**(A) = S** is not attained 
whereas 5p£(A) is so - Hence S^(X) > S 2 **(\). The mapping q h-> 5^ (A) and 
q i— > Sg(X) are continuous (see Remark B.4 and Lemma B.5 in [5]). Thus the 
conclusion readily follows. □ 

5 Proof of Theorem 1.4 

Let us fix q 6 (2, 2**). By Theorems 1.1 and 1.2 for every A < A the infima S q (X) and 
5^ ad (A) are attained in D 2 ' 2 (R n ). Clearly S q (X) < 5^ ad (A). Assume that equality 
holds. Let u be a radial minimizer of the functional 

\Av\ 2 dx-X \x\~ 2 \Vv\ 2 dx 
\x\~P\v\ q dx 



j( v ) = dM^ JR" . („ G D 2 ' 2 (R") \ {0}). 
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Since J is homogeneous, i.e., J(av) = J(v) for any a / 0, we can assume that 

\x\~ fi \u\ q dx = l. (5.1) 



Since u is a minimizer for J on the whole space _D 2,2 (IR n )\{0} we have that J'(u)[v] = 
and J"(u)[v,v] > for every v G I? 2 ' 2 (M n ). Setting 

A(v) = / \Av\ 2 dx-X \x\~ 2 \Vv\ 2 dx and B(v) = ( / |x| _/3 |u| g da; ) 
Jr™ Jr™ \Jr" / 

since J' (it) = 0, A"(u)[v,v] = 2A(v) and B(u) = 1, the condition </"(«)[«, u] > 
reads 

A(«) > -A(«)5" («)[«,«] for every u G D 2 > 2 (]R n ). (5.2) 

We take v = uip where if £ C°°(S n_1 ) is an eigenfunction of the Laplace-Beltrami 
operator on the sphere S n_1 corresponding to the first positive eigenvalue n — 1. We 
normalize tp according to the condition 



^dcr=|S n I- (5.3) 

Moreover we notice that 



/ <pda = 0. (5.4) 



Using (5.1), (5.3) and (5.4), one computes B"(u)[mp,mp] = 2(q — 1). Hence from 
(5.2) it follows that 

A(u(p)>(q-l)A(u). (5.5) 

In order to evaluate A(wp) we observe that 

\V(utp)\ 2 = |Vit|V 2 + \x\~ 2 u 2 \V a ip\ 2 

A(utp) = (Au)tp + \x\~ uA a ip = (Ait — (n — 1) |rc| — u)tp. 

Thanks to the above expressions, and since 

/ |V CT (/?| da = (n — 1) / ip da , 
we infer that 

A(wp) = A(u) + (n-l)(n-l-X) / \x\~ A u 2 dx-2(n-l) / jx|~ 2 uAndx. (5.6) 

jr" Jm. n 

Let us introduce the following shortened notation: 

U = \x\~ 4 u 2 dx, Ui= |.x|~ 2 |Vit| 2 <ix, U 2 = \Au\ 2 dx . 

JR n JR n JR n 

11 



Since 



/ \x\ 2 uAudx = -(n-4)U -Ui 

jR n 

from (5.6) and (5.5) we obtain 



g a < ( A + ^W (w - 1)(3ra r 9 - A W 



q-2 



q-2 



(5.7) 



Since u is a radial minimizer for S q (X), and is normalized according to the condition 
(5.1), the map w defined by (3.1) solves: 



g-l 



w' ' — 2a\w" + b\w = S q {\)w 



where a\ and b\ are defined as in (3.4). By the energy conservation and since 
w £ H 2 (R) one has that 



2 1 q 



- w '» w > + L\ W »V + ax \ w >V _ Z±\ W V + r«^Z|u;|9 = 



and then, after an integration by parts, 

3 / \w"\ 2 dt + 2a x / \w'\ 2 dt-b x / \w\ 2 dt + - S q {\) I \w\ q dt = . 
Jr Jr Jr Q Jr 

By Lemma 3.1, by (5.1) and since A(u) = S q (X), the previous equation can be 
written in the form: 

(3 + -\u 2 = U(fi n + 2) + A Z^\ Ui - 2v n (2{fi n + 2) - z/ n + A) U (5.8) 
with \x n and v n defined in (3.2). Then (5.7) and (5.8) imply 



2q 



A + 



/ 4g(/i n . + 2) 2(n-l) 
3q + 2 " ' V 3q + 2 g - 2 

2^f n n — 1 



t'l 



< 



3q + 2 q-2 
Now we apply the Hardy inequality 



4qu n (n-2) + _3(n - l)(n - 3) 



3q + 2 



q-2 



U . 



\x\ |Vv| da; > z/„ / Ixl w dx 



to the mapping u, getting that U\ > v n \J§. Hence, taking A < such that 



2q 



A + 



f 4g(^ w + 2) _ 2(n-l) \ > Q 



3q + 2 \ 3q + 2 q-2 



(5.9) 



(5.10) 
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we obtain 



2qv n A / 4g(/x n + 2) _ 2(n-l) \ 
3g + 2 V 3 <? + 2 9 - 2 / n 

2g^ n . _ n- l A / 4gz/ n (ra - 2) 3(n - l)(n - 3) 



,3g + 2 q-2j V 3g + 2 g-2 

Divinding by —A and letting A — > — oo we get 

29i/„ ^_^^ + n-2^ (5n) 



3g + 2~ 3<? + 2 q - 2 

Hence we proved that for A < and g € (2, 2**) a necessary condition in order that 
SgW = S q ad W 1S that (5.10) and (5.11) hold. Since (1.8) is equivalent to the failure 
of (5.11), the thesis is proved. □ 



Remark 1 As far as concerns the minimization problems defined by S 2 (A) and 
S*2 (A), we can easily show that 

S 2 (\) = ^ ad (A) =iZ~ A^n VA < A . (5.12) 

Indeed, using (1.7) and the Hardy inequality (5.9), for A < A we readily have that 
S2W > (A — X)v n . Moreover, by Lemma 3.1, we have that 

I (\w"\ 2 + 2a x \w'\ 2 + b x \w\ 2 ) dt 
S r 2 &d {\) = inf ^i -. 

w€H 2 (m / I |2 , f 

w^O I \ W \ al 

with a\ and b\ as in (3.4). A standard dilation argument shows that S 2 (A) = b\. 
Since b\ = (A — \)v n and A = n 2 /4, (5.12) follows. Moreover, since the Hardy 
inequality admits no extremal function, the same holds for S 2 {\) and S 2 (A). 
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